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Abstract. Let F be a set of rational-valued functions on a fixed finite domain; such a 
set is called a finite-valued constraint language. The valued constraint satisfaction problem, 
VCSP(P), is the problem of minimising a function given as a sum of functions from T. We 
establish a dichotomy theorem with respect to exact solvability for all finite- valued languages 
defined on domains of arbitrary finite size. 

We show that every core language F either admits a binary idempotent and symmetric 
fractional polymorphism in which case the basic linear programming relaxation solves any 
instance of VCSP(F) exactly, or F satisfies a simple hardness condition that allows for a 
polynomial-time reduction from Max-Cut to VCSP(r). In other words, there is a single 
algorithm for all tractable cases and a single reason for intractability. Our results show 
that for exact solvability of VCSPs the basic linear programming relaxation suffices and 
semidefinite relaxations do not add any power. The proof uses a variation of Motzkin's 
Transposition Theorem, hyperplane arrangements, and a technique recently introduced by 
Kolmogorov [arXiv: 1207.7213] reformulated using Markov chains. 

Our results generalise all previous partial classifications of finite-valued languages: the 
classifications of {0, l}-valued languages on two-element, three-element, and four-element 
domains obtained by Creignou [JCSS'95], Jonsson et al. [SICOMP'06], and Jonsson et al. 
[CP'll], respectively; the classification of {0, l}-valued languages containing all unary func- 
tions obtained by Deineko et al. [JACM'06]; the classifications of finite- valued languages on 
two-element and three-element domains obtained by Cohen et al. [AIJ'06] and Huber et al. 
[SODAT3], respectively; the classification of finite- valued languages containing all {0,1}- 
valued unary functions obtained by Kolmogorov and Zivny [SODAT2]; and the classification 
of Min-0-Ext problems obtained recently by Hirai [SODAT3]. 



1. Introduction 

In this paper we study the following problem: what classes of discrete explicitly-represented 
functions can be minimised exactly in polynomial time? Such problems can be readily de- 
scribed as (finite-) valued constraint satisfaction problems. We provide a complete answer to 
this question for rational-valued functions defined on arbitrary finite domains. 

The constraint satisfaction problem, or CSP for short, provides a common framework for 
many theoretical and practical problems in computer science. An instance can be vaguely 
described as a set of variables to be assigned values from the domains of the variables so that 
all constraints are satisfied [42 j . The CSP is NP-complete in general and thus we are interested 
in restrictions which give rise to tractable classes of problems. Following Feder and Vardi [22 , 
we restrict the constraint language, that is, all constraint relations in a given instance must 
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belong to a fixed, finite set of relations on the domain. The most successful approach to 
classifying language-restricted CSPs is the so-called algebraic approach [TJEUISO], which has 
led to several complexity classifications [2,5.6,8] and algorithmic characterisations [3,28j going 
beyond the seminal work of Schaefer on Boolean CSPs |45j . 

There are several natural optimisation variants of CSPs that have been studied in the 
literature such as Max-CSP, where the goal is to maximise the number of satisfied constraints 
(or, equivalently, minimise the number of unsatisfied constraints) [9l[19l[2TJ[3Tl[33] ' an< ^ Max- 
Ones [191133] and Min-Cost-Hom |48| . where all constraints have to be satisfied and some 
additional function of the assignment is optimised. The most general variant is the valued 
constraint satisfaction problem, or VCSP for short [12]. A valued constraint language T 
is a set of functions on a fixed domain and a VCSP instance over V is given by a sum of 
functions from T with the goal to minimise the sum. The VCSP framework is very robust 
and has also been studied under different names such as Min-Sum problems, Gibbs energy 
minimisation, Markov Random Fields, Conditional Random Fields and others in different 
contexts in computer science [16, 40, 50J. The VCSP in its full generality considers functions 
with the range being the rationals with positive infinity [12]; this includes both CSPs and 
Max-CSPs as special cases with functions with the range being {0, oo} and {0, 1}, respectively. 
In this work we will focus on finite-valued CSPs, that is, the range of the functions is the set 
of rationals. (Finite- valued CSPs are called generalised CSPs in [43J.) 

Given the generality of the VCSP, it is not surprising that only few complexity classifica- 
tions are known. In the general-valued case, only languages on a two-element domain |12pi7] 
and conservative (containing all {0, l}-valued unary functions) languages [38j have been com- 
pletely classified with respect to exact solvability. In the finite-valued case, languages on 
two-element domains [12j . three-element domains [27], and conservative languages [38] have 
been completely classified with respect to exact solvability. In the special case of {0, 1}- 
valued languages, which correspond to Max-CSPs, languages on two-element domains [18] . 
three-element domains [31] , and four-element domains [34], and conservative (containing all 
{0, l}-valued unary functions) languages [21] have been classified with respect to exact solv- 
ability. Generalising the algebraic approach to CSPs [7], algebraic properties called mul- 
timorphisms [12], fractional polymorphism [11] . and weighted polymorphisms [10^113] have 
been invented for the study of the computational complexity of classes of VCSPs. The au- 
thors have previously shown that any VCSP instance over a valued constraint language T can 
be solved by the basic linear programming (BLP) relaxation if, and only if, T admits sym- 
metric fractional polymorphisms of all arities [Hj]. This result established the tractability of 
several (previously open) classes of VCSPs including submodular VCSPs on non-distributive 
lattices and trees. Moreover, results from [49J have been used in the complexity classification 
of minimum 0-extension problems, which can be cast as special binary VCSPs [26] . 

1.1. Contribution. We study the computational complexity of finite-valued constraint lan- 
guages on arbitrary finite domains. We characterise all tractable finite- valued languages as 
those admitting a binary idempotent and symmetric fractional polymorphism. (This is a 
polynomial-time checkable condition.) Tractability follows from the results in [37^149] that 
show that all instances over such languages are solvable by the BLP. In the other direction, 
we show that instances over languages not admitting such a fractional polymorphism are 
NP-hard by a reduction from Max-Cut [23] . 
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Theorem 1.1. Let D be an arbitrary finite set and let T be a core finite-valued language de- 
fined on D. VCSP(T) is tractable if, and only if, BLP solves VCSP(T). Otherwise, VCSP(T) 
is NP-hard. 

The core condition on T is denned in Section 12.41 and the precise statement of the main 
result is in Section [3l 

The proof of our main result is a combination of a technique recently introduced by Kol- 
mogorov [37], a variation of Motzkin's Transposition Theorem, and hyperplane arrangements. 
Furthermore, we find a natural way to derive the result from [37J, which says that having a bi- 
nary symmetric fractional polymorphism implies having symmetric fractional polymorphisms 
of all arities, using a Markov chain argument. 

1.2. Related work. Apart from language-based restrictions on (V)CSPs, also structure- 
based restrictions [MIESIHT] and hybrid restrictions P~H[T5] have been studied. Not only 
exact solvability, but also approximability of Max-CSPs and VCSPs has attracted a lot of 
attention [19j[32l[35] . Moreover, the robust approximability of Max-CSPs has also been stud- 
ied [4.20,39j . Under the assumption of the unique games conjecture [36], Raghavendra showed 
that the basic SDP relaxation solves all tractable finite- valued VCSPs (without a characterisa- 
tion of the tractable cases) [13] . Moreover, Chapters 6 and 7 of [H] imply that if a finite- valued 
language T admits a cyclic fractional polymorphism of some arity k > 2 then the basic SDP 
relaxation solves any VCSP instance over T. Our results show, assuming P ^ NP, that for 
exact solvability the BLP relaxation suffices. 

Our results demonstrate that (i) only a binary fractional polymorphism of a certain type 
is sufficient for tractability, and (ii) only cores and constants are required for the hardness 
condition (details are explained in Section[2]). This is in contrast with the {0, oo}-valued CSPs 
(that is, decision problems), where the hardness condition also requires an equivalence relation 
and the conjectured tractable cases are characterised by polymorphisms of arity higher than 
two [7J. 

2. Preliminaries 

We use the following notation: any name with a bar denotes a tuple. We denote by Xi 
the ith component of a tuple x. Superscripts are used for collections of tuples. When both a 
superscript and a subscript are used we drop the bar; e.g., we write xj for x\. 

2.1. Valued CSPs. Let D be a finite domain. The set of non-negative rational numbers is 
denoted by Q>o- A valued (constraint) language^ is a set of (cost) functions f : D rn — > Q>o 
where m = ar(f) is called the arity of / and it may be different for different functions from 

rQ 

Definition 1. An instance I of the valued constraint satisfaction problem, or VCSP for short, 
is given by the set V = {x\, . . . ,x n } of variables and the objective function fi(x\, . . . ,x n ) = 
Yli=i w i ' fi(% 1 ) where, for every 1 < i < q, fi : D ar( -^ — )■ Q>o, x l € V ar ^ 1 \ and Wi € Q>o is 
a weight. A solution to I is a function h : V — > D, its measure given by Yli=i w i ' fi(h(x 1 )). 
The goal is to find a solution of minimum measure. This measure will be denoted by Opt r (/). 



These are known and were called in the abstract and the introduction as finite-valued languages. Since we 
deal with only finite-valued languages, we omit the prefix "finite-" in the rest of the paper. 

The range of the functions in T is Q>o for traditional reasons, but all results hold true with Q as well. 
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We denote by VCSP(r) the class of all instances in which all functions are from V. 

A valued language T is called tractable if, for any finite T' C T, VCSP(r') is tractable, that 
is, a solution of optimum measure can be found for any instance / G VCSP(r') in polynomial 
time; T is called NP-hard if VCSP(r') is NP-hard for some finite F' C T. 

2.2. Expressive power. 

Definit ion 2. For a valued language T ? we let (T) be the set of all functions f{x\^ . . . ^Xyyi) 
such that for some instance I G VCSP(T) with objective function fi(x\, • • • , ^m+i> ■ ■ ■ > ^n)? 
we have 

f(xi,...,x m ) = min //( 

We then say that V expresses / and call (T) the expressive power ofT. 

In other words, (r) is the closure of V under addition, multiplication by constants, and 
minimisation over extra variables. For two functions / and /', we write f = f'iff = a-f' + b 
for some a G Q>o and b £ Q. (In other words, / = /' if / can be obtained from /' by scaling 
and translating.) For a valued language r, let T= = {/ | / = /' for some f £ T}. It has 
been shown that with respect to exact solvability, we only need to consider valued languages 
closed under expressibility: 

Theorem 2.1 ( |ll|,ll2j). Let T and V be valued languages defined on domain D such that 
r' C (r}=. Then VCSPiT') polynomial-time reduces to VCSPiT). 

We define the following condition: 

There exist distinct a,b E D such that (r) contains (MC) 
a binary function h with argmin h = {(a, 6), (b, a)}. 

A slightly different condition^ was formulated in [27] : 

There exist distinct a, b G D such that (r) contains a unary function u with (MC) 
argmin u = {a, b} and a binary function h with h(a, b) = h(b, a) < h(a, a) = h(b, b) 

Observe that (MC) implies (MC). In fact, we will prove in Section [5] that the two conditions 
are equivalent. 

Lemma 2.2. For any valued language V, (MC) holds if, and only, if (MC) holds. 

It is known that condition (MC') and thus, by Lemma 12.21 condition (MC) implies in- 
tractability (via a reduction from Max-Cut |23j): 

Lemma 2.3 ([12;). If a valued language T satisfies condition (MC) then V is NP-hard. 

2.3. Fractional polymorphisms. Let T be a valued language defined on D. For an n-ary 
function / G T and a 1 , . . . , a m € D n , we define f m by f m (a\ ...,a m ) = ^(/(a x )+. . -+/(a m )). 
An m-ary operation on D is a function g : D m — > D. Let O^f 1 denote the set of all m-ary 
operations on D. An m-ary fractional operation is a function a; : O^ 1 — > Q>o- Define ||w||i := 



Condition (MC) was called (MC) in [27]. 
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^) An m-ary fractional operation oj is called an m-ary fractional polymorphism of 

r if ||w||i = 1 and for every function / G F and tuples a 1 , . . . , a m G D ar ^\ it holds that 

^ w(s)/(s(o 1 ,..,o m ))<H5 1 ,.,6 m ) J (1) 

where the operations 5 are applied componentwise. The set {5 | w(<?) > 0} of operations 
is called the support of oj and is denoted by supp(w). It is known and easy to show that 
expressibility preserves fractional polymorphisms: if oj is a fractional polymorphism of V then 
oj is also a fractional polymorphism of (r) 

An operation g is idempotent if g(x, . . . , x) = x. Let S m be the symmetric group on 
{1, . . . ,m}. An m-ary operation g is symmetric if for every permutation tt G 5" m , we have 
g(xi,...,x m ) = g(x w (x)>---,Zw(m))- An m-ary operation 5 is q/c/ic i( g(a 1 ,a 2 , ■ ■ ■ ,a m ) = 
g(d2, ■ ■ ■ , a m , ai) for every ai, . . . , a m G D. Note that in the case of m = 2 both definitions 
coincide. A fractional operation is called idempotent, symmetric, or cyclic if all operations in 
its support are idempotent, symmetric, or cyclic, respectively. 

Let 0^ ra_5-fc ) denote the set of all mappings g : D m — >■ D k . A (generalised) fractional 
operation of arity m — > k is a function oj : Q^ 1 ^^ _ >. Q> . As before, we define ||w||i := 
^ g w(g). A (generalised) fractional operation oj of arity m — > k is called a (generalised) 
fractional polymorphism [37] (of arity m — > k) of T if ||w||i = 1 and for every function / G T 
and tuples a 1 , . . . , a m G _D ar ^), it holds that 

J2 u(s)f k tefa\- ■ ■ , « m )) < f m {a\ ...,a m )- (2) 

geC ,(™^) 

Note that a fractional polymorphism of arity m is the same as a generalised fractional 
polymorphism of arity m — > 1. In fact a generalised fractional operation of arity m — > k is 
just a sequence of k fractional operations of arity m — > 1; however, this viewpoint, introduced 
in [37], turns out to be very useful. For brevity, we will often omit the word "generalised". 

For an operation g, we denote by Xg the fractional operation that takes the value 1 on 
the operation g and on all other operations. For a generalised operation g, Xg is defined 
analogously. 

2.4. Cores. Let S C D. The sub-language T[S] of T induced by S is the valued language 
defined on domain S and containing the restriction of every function / G T onto S. 

Definition 3. A valued language T is a core if for every unary fractional polymorphism oj of 
r, supp(w) contains only injective operations. A valued language V is a core of T if V is a 
core and V = T[h(D)] for some h G supp(w) with oj a unary fractional polymorphism ofT. 

Lemma 2.4. If T' is a core of F then Opt r (J) = Opt r (/') for all instances I G VCSP(F), 
where I' is obtained from I by substituting each function in F for its restriction in F' . 

By Lemma 12.41 proved in Section we may assume that F is a core valued language. 

For a valued language F, let r c denote the language obtained from F by adding all functions 
obtained from functions in F by fixing a subset of the variables to domain values. 

We will use the following result, which says that we can restrict our attention to core valued 
languages whose expressive power contain certain unary functions. 

Proposition 2.5 (|27|). Let F be a core valued language defined on a finite domain D. 
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(1) For each a € D, (r c ) contains a unary function u a such that argmintt a = a. 

(2) Y is NP-hard if, and only if, Y c is NP-hard. 

Proposition 12.51 is proved for a different definition of a core in [27] but we will show in 
Section [4] that Definition [3] coincides with the definition of the core in |27| . 

It follows readily from Proposition 12.51 that every (generalised) fractional polymorphism of 
T c for a core valued language Y is idempotent. 

3. Results 

3.1. Complexity classification. The computational complexity of valued constraint lan- 
guages has attracted a lot of attention in the literature. Partial classifications obtained so far 
are the following: 

• {0, l}-valued languages on \D\ = 2 pT8|[T9] . 

• {0, l}-valued languages on \D\ = 3 [31] . 

• {0, l}-valued languages on \D\ = 4 [31]. 

• {0, l}-valued languages containing (special types of) unary functions [21] . 

• valued languages on \D\ = 2 [12] . 

• valued languages on \D\ = 3 [27] 

• valued languages containing {0, l}-valued unary functions [58] . 

• valued languages containing unary functions and certain special binary functions [26J. 
In all the classifications obtained so far, the tractable cases were explained by certain 

specific binary symmetric fractional polymorphisms, and the hardness result essentially came 
from the condition (MC). 

A recent result of the authors characterised the power of the basic linear programming 
(BLP) relaxation (cf. [19]), which is defined in Appendix[A] An equivalent simplified condition 
was subsequently given by Kolmogorov [37] , 

Theorem 3.1 ([37]l49]). Let Y be a valued language. Then BLP solves VCSP(Y) if, and only 
if, Y has a binary symmetric fractional polymorphism. 

An alternative proof, based on Markov chains, of Kolmogorov's result (showing that a 
binary symmetric fractional polymorphism implies symmetric fractional polymorphisms of 
all arities) is given in Appendix iBl 

The main technical contribution of this paper is the following result. 

Theorem 3.2. Let D be an arbitrary finite set and let Y be a core valued language defined on 
D. IfY c does not satisfy (MC), then Y admits a binary idempotent and symmetric fractional 
polymorphism. 

Theorem 13.21 implies our main result, Theorem 13. 3( which shows that having a binary sym- 
metric fractional polymorphism is the only reason for tractability. This provides a complexity 
classification of all valued languages defined on arbitrary finite domains, thus generalising all 
classifications mentioned above. 

Theorem 3.3 (Main). Let D be an arbitrary finite set and let Y be a core valued language 
defined on D. 

• Either Y has a binary idempotent and symmetric fractional polymorphism and BLP 
solves VCSP(Y); 

• or (MC) holds for Y c and VCSP(Y) is NP-hard. 
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Proof. Assuming that T is a core, if r c satisfies (MC) , then VCSP(T C ) is NP-hard by Lemma [2,3l 
In this case VCSP(r) is NP-hard by Proposition 12. 5t [2j), Otherwise, by Theorem [321 P admits 
a binary idempotent and symmetric fractional polymorphism and it follows from Theorem 13. II 
that BLP solves VCSP(r). □ 

Deciding whether a valued language T is a core and deciding the tractability of a VCSP(r) 
instance is discussed in Section 13.31 

Corollary 3.4 (of Theorem I3.2|) . Let D be an arbitrary finite set and let Y be a core valued 
language defined on D. The following are equivalent: 

(1) T c does not satisfy (MC); 

(2) r admits an idempotent and cyclic fractional polymorphism of some arity k > 1; 

(3) r admits an idempotent and symmetric fractional polymorphism of some arity k > 1; 

(4) r admits a binary idempotent and symmetric fractional polymorphism; 

(5) BLP solves VCSP(T). 

Proof. Theorem 13.11 gives (4) 44> (5). The implications (4) => (3) =>■ (2) are trivial, and it is 
not hard to show that (2) => (1). Finally, Theorem 13.21 gives the implication (1) =4> (4). □ 

Corollary 13.41 answers Problem 1 from |27| that asked about the relationship between the 
complexity of a valued language T and the existence of various types of fractional polymor- 
phisms of r. Note that Corollary 13.41 holds unconditionally. Problem 1 from [27] also involved 
the solvability by the basic SDP relaxation [43J , which at the time was known to be implied by 
(2) and imply (1), provided that P ^ NP. Under the same assumption, we conclude that solv- 
ability by the basic SDP relaxation is also characterised by any of the equivalent statements 
of Corollary E31 

3.2. Proof overview. In order to prove Theorem l3.21 we proceed as follows. Using a variant 
of Motzkin's Transposition Theorem, we prove, in Section [5j the following: 

Lemma 3.5. IfT does not satisfy (MC) then T has a binary fractional polymorphism oj such 
that for each {a,b} C D, there exists g G supp(Lj) with {g(a,b),g(b,a)} / {a, b}. 

Therefore, if T c does not satisfy (MC), we know that T c has a fractional polymorphism oj 
with the properties given in the lemma. Furthermore, by Proposition 12.5( 1). we may always 
assume that (r c ) contains a unary function u a for each a G D such that argmin-Ua = {a}. This 
means that uj is idempotent. To finish the proof, we will massage to into a binary symmetric 
fractional polymorphism. We will use a technique introduced by Kolmogorov [37], based on 
a graph of generalised operations. 

For a binary operation g G O d , define g by g(x,y) = g(y,x). For a mapping g G O d , 

where g = (g,g), and a binary operation h G Op , let g h (x,y) = (h o (g,g),h o (g,g)). Let 

1 be the identity mapping in Op~* 2 \ Let V = {l hl - h k | hi G supp(w),A; > 0}. Note that all 
g G V are of the form g = (g, g). 

Let G = (V, E) be the directed graph with 

• V = V; 

• E = {(g, g h ) | g G V, h G supp(u;)}. 

Let 1Z C V denote the set of all vertices g with the property that for any other vertex 
g' G V, if there is a path from g to g', then there is a path from g' to g. The following 
result is proved in Section [7J A very similar result was proved in [37] using a different proof 
technique. 
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Theorem 3.6. There exists a 2 — > 2 fractional polymorphism p ofT c with support contained 
in 7Z. 

Let / be an arbitrary function from T and let n = ar(f). Let Range n (g) = {g(x ,x 2 ) | 
x l ,x 2 G D n }. The following lemma establishes the main result: 

Lemma 3.7 (Key lemma). For any g G supp(p) and (x \ x 2 ) G Range n (g) and any 1 < i < n, 

/ 2 (x 1 ,x 2 ) is invariant under exchanging xj and xf. 

Corollary 3.8. For any g G supp(p) and (x^x 2 ) G Range n (g) and any p suc/i i/iai p G 
^D^ 2 ^ ^ s ac ^ s as a Permutation on all inputs, we have / 2 (ic 1 ,x 2 ) = / 2 (p(x 1 , x 2 )). 

Corollary 3.9. Let p G Ofi ' be a mapping that orders its inputs according to some fixed 
total order on D. Then p' = E g P(§)Xpog is a binary symmetric fractional polymorphism of 
T c of arity 2 — > 2. 

Since p' is a fractional polymorphism of T c of arity 2 — > 2, it follows that 

g=(9i,9 2 )ee^ 2) 

is a binary fractional polymorphism of r c , and hence of T, this finishes the proof of Theo- 
rem [3721 

We now sketch how to derive a proof of Lemma 13, 7\ the details are in Sections [6] and [7J 
Let p be a 2 — > 2 fractional polymorphism of T c as given by Theorem 13.61 

Definition 4. Let w a = Eg :g (o,6)=(a,a) P(s) and w & = E g:g (a,6)=(6,6) P(g)- ^ e sa ?/ ^ P is 
submodular on the pair {a, b} C D if w a = Wb = \- 

Let 5 = (V(S'), E(S)) be the undirected graph with: 

• -E(S) = {{a,b} | p is submodular on {a,b}}. 

To establish Lemma 13.71 we need the following two results, which are proved in Section [6] 
and[7J respectively. 

Lemma 3.10. S is connected. 

Lemma 3.11. Assume that p is submodular on {01,02} and that {x l ,x 2 ) G Range n ^i{g) for 
some g G supp(p). Then f 2 ({ax,x l ), (a 2 ,x 2 )) = / 2 ((a 2 ,x 1 ), (a 1 ,x 2 )). 

We are now ready to prove Lemma 13.71 

Proof of Lemma \3.7\ Without loss of generality, assume that i = 1 and let ((a, x 1 ), (6, x 2 )) G 
Range n (g). We need to show that f 2 ((a, x 1 ), (b, x 2 )) = f 2 ((b, x 1 ), (a, x 2 )). Let a = ao, a\, . . . , tty = 
6 be a path from a to 6 in the graph S. By Lemma I3.1H we have 

/ 2 ((a i ,x 1 ), (a m ,x 2 )) = / 2 ((a i+1 ,x :l ), (a;,x 2 )), (3) 

for all < i < I. 

Summing ([3]) over < i < I, we obtain 

2 A^x 1 ),^* 2 )) = ^ / 2 ((a m ,^),K,x 2 )). (4) 

0<i<Z 0<i<i 
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Finally, by cancelling terms in @, 

^/((ao,* 1 )) + \f({a u x*)) = l -f({a h ^)) + \f((a ,x 2 )), 

which establishes the result. □ 

3.3. Meta problems. Let T be a valued language defined on D. In this section, we study 
two meta problems relevant to our classification. The first is to determine whether T is a 
core, and if not, to find a core of T. The second is to decide whether VCSP(T) is tractable or 
NP-hard. We show that both of these problems are decidable. 

To check whether T is a core, it suffices to verify that the following system of linear in- 
equalities is unsatisfiable: 



u{g)f{ g {x)) < Mhfix) v/er,ieD 



«•(/) 



oj(g)>0 Vs€Og\ (5) 

where is the set of non-injective operations in . Note that for any such solution oj, 
w/||cj||i is a unary fractional polymorphism with non-empty support on Q. To find a core of 
r, we determine an inclusion-minimal subset S C D such that T[S] is a core. 

To check whether VCSP(r) is tractable, it suffices, by Theorem 13.31 to check whether it 
has a binary idempotent and symmetric fractional polymorphism. This is the case if, and 
only if, the following system of linear inequalities is satisfiable 

2>G/)/G7(*,i/)) < Kff)||i/ 2 (x,y), V/ G F,x,y G D ar ^ 

g&Vt 

w(g) > 0, Vg G CI, 

(2) 

where is the set of binary operations g G O d on D that are idempotent and symmetric. 

4. Equivalence of hardness conditions and equivalence of cores 
We begin by proving Lemma l2.4i 

Proof of Lemma \2.4\ Clearly Opt r (J) < Opt r /(/'). For the other direction, let u be a unary 
fractional polymorphism of T with h! G supp(w) such that V = T[h'(D)]. Let V = V(I) be 
the set of variables of / and let s : V — >• D be an optimal solution to /. Then, 

£ Wi- /<(*(**)) Y, "(h)h(h(s(x 1 ))) 

= E ^{h)Y J W l -f l {{hosW)). 

It follows that hos must also be an optimal solution to /, for each h G supp(w). So h'os is a 
solution to I of measure Opt r (I). But h'os is also a solution to I', so Opt r (J) > Opt r /(I'). □ 
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In [27], a valued language V is denned to be a core if, for each a £ D, there is an instance 
I a of VCSP(r) such that a appears in every optimal solution to I a . We now show that 
this condition is equivalent to Definition [3l We will use the following variation of Motzkin's 
Transposition Theorem |46| . 

Lemma 4.1. For any A G Q mxn , B G Q pxn , exactly one of the following holds: 

• Ay > 0, By > 0, for some y G Q>o,' or 

• A T Zl + B T z 2 < 0, for some ^ zi € Q> , z 2 G Q| . 
Lemma 4.2. For a valued language T, the following are equivalent: 

(1) All unary fractional polymorphisms ofT are infective. 

(2) There is an instance I of VCSP(T) such that every a G D appears in every optimal 
solution to I. 

(3) For each a G D, there is an instance I a of VCSP(T) such that a appears in every 
optimal solution to I a . 

Proof. The system ([5]) is unsatisfiable if, and only if, h G supp(o;) is injective for every unary 
fractional polymorphism u of V. According to Lemma 14. 1( this is true if, and only if, the 
following system is satisfiable: 

z 2 (f,x)(f(x) - f{g{x))) < 0, Vg G og\ 

zx+ z 2 (f,x)(f(x)-f(g(x)))<0, Vgen, 

zi > 0, 

z 2 (f,x)>0, v/er,xer(fl 

That is, if, and only if, there exists an instance / of VCSP(r), with variables D and objective 
function Y2f% z "i{f^ x)f(x), for which every non-injective g is non-optimal. This can be the 
case if, and only if, every a G D appears in every optimal solution to /. Hence, conditions ([1]) 
and ([2]) are equivalent. Clearly, condition ([2]) implies condition (|3|). Finally, given instances 
I a , a G D, such that a appears in every optimal solution, we can take the disjoint union of 
the variable sets of I a as the variable set of /, and the sum of the objective function of I a as 
the objective function of /. Then / satisfies condition ([2]). This establishes the lemma. □ 

Finally we prove the equivalence of condition (MC) and condition (MC). 

Proof of Lemma\KM We need to prove that (MC) implies (MC'). Let T be a valued language 
with a function h G (r) such that argmin/i = {(a, 6), (6, a)}. Note that u{x) = mm y h(x,y) 
is a unary function with argminit = {a, 6}. If h(a,a) = h(b,b), then u and h satisfy (MC). 
Otherwise, assume without loss of generality that h(a, b) = h(b, a) = 0, h(x, y) > 1 for 
{x,y} ^ {a,b}, and that h(a,a) < h(b,b). Let C = max x h(a, a) — h(x,x), and define 
u'(x) = muiy C • u{y) + h(y,y) + h(x,y). Note that u{x) = for x = a, b and u(x) > 1 
otherwise. Also note that min^ h(y, y) = h(a, a) — C. The three arguments in the following 
min-expressions correspond to the cases y ^ a,b, y = a, and y = 6, respectively. 

u'(x) > min{(7 + (h(a, a) - C) + 1, + h(a, a) + 1, + h(b, b) + 1} > h(a, a) (x ± a, b) 

u'(a) > min{C + (h(a, a) - C) + 1, + h(a, a) + h(a, a), + h(b, b) + 0} > h(a, a) 

u(b) < C ■ h(a, b) + h(a, a) + h(b, a) = h(a, a) 
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Thus argminu' = {b}. 

Now, let 5 = h(b, b) — h(a, a) > and define 

,// v w x . 6u'(x) + u'(y) 

H-,y) = Kx,y) + - ul{a) _ u/{by 

It is straightforward to verify that h'(a,b) = h'(b,a) < h'(a,a) = h'(b,b), so u and h! satisfy 
(MC). □ 



5. Proof of Lemma [3751 

Proof of Lemma \3.5[ Let ~K\{x,y) = x and ir 2 (x,y) = y be the two binary projections on D. 

(2) 

Let f2(a, 6) be the set of operations g G O d for which {g(a, b),g(b, a)} ^ {a, b}. Assume that 
there exist rational values y(f,x) > 0, for / € T, x € (D x D) ar( -f \ such that 

$>(/,x)/G7(x)) > ^(/.aO/Mx)), V 5 € og\* = 1,2, (6) 

/,z f,x 

> V(f> *)f(n(x)), Vg € fi(a, b),i = 1, 2. (7) 
f,x f,x 

Let xi,...,x n be an enumeration of D x D with xi = (a, 6) and X2 = (b,a). Let / be 
the instance of VCSP(r) with variables xi, . . . ,x n and objective function fi(x\, . . . ,x n ) = 
V f - ic)/(x). Define h(x,y) = min fi(x, y,x^, . . . , x n ). The equations (El) imply that 

' X3....,X n 

7Ti and 7T2 are among the optimal solutions to /, and equations ([7|) imply that tt\ and ir 2 have 
strictly smaller measure than any solution g € f2(a,6), so h{a,b) = h(b,a) < h(x,y) for all 
{x,y} ^ {a,b}. 

We conclude that if (MC) cannot be satisfied, then there is no solution to the system 
©+©• By Lemma 14.11 there is a solution zi(g),z 2 (g) > to the following system of 
equations: 



£ Zl (g)(2f(g(x)) - /(tq(x)) - /(tt 2 (x))) 

geQ(a,b) 

+ z 2 (g)(2f(g(x))-f(7r 1 (x))-f(7r 2 (x)))<0, V/er,ie(Dx D) ar ^\ (8) 

with Zi(g) ^ for some g G f2(a,6). Now let z = z\ + z 2 (let zi(g) = for g f](a, 6)) and 
normalise so that ||z||i = 1. A solution to ([8]) then implies a solution to the following system 
of inequalities: 



£ z(g)f(g(x))<f 2 (7T 1 (x),7T 2 (x)), VfeT,xe(Dx D) a ^\ 

with z{g) > and z(g) > for some g £ £l(a,b). Denote this solution by z a ^{g). Now, 
if (MC) cannot be satisfied for any distinct a,b £ D, then we have solutions z a ^{g) for all 
a^beD. The lemma follows with oj(g) = (\D\ 2 - ID])- 1 Y, a ^b z a,b(g)- □ 
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6. Proof of Lemma [3.101 



The aim of this section is to prove that the graph S of submodular pairs is connected. In 
order to do so, we introduce yet another graph T that records the "definable 2-subsets of D" . 
We then show that T is a subgraph of S and that T is connected. 

Let T = (V(T)j E(T)) be the undirected graph with: 

• V(T) = D; 

• E(T) = {{a, 6} | there exists a unary function u G (r c ) such that argminu = {a, b}}. 
Lemma 6.1. E(T) C E(S). 

Proof. Take an arbitrary edge {a, b} G E(T) and let u a , Ub, and u a fc be unary functions in 
(r c ) such that argminiia = {a}, argminu;, = {b}, and argminn a fe = {a, b}, respectively. Since 
u a f, minimizes on {a, 6} and is invariant under both to and p, we have g{a,b),g(b,a) G {a, b} 
for every g G supp(w) and every g = (<?,<?) G supp(p). By construction of w, there is 
an operation h G supp(w) for which {h(a,b),h{b,a)) {(a, b), (b, a)}, so by our previous 
observation, we must have either h(a, b) = h(b, a) = a or h(a, b) = h(b, a) = b. Suppose 
that g(a, b) G {(a, 6), (6, a)} for some g G supp(p). Then g h (a,b) = (h(a,b),h(b,a)) or 
(h(b,a),h(a,b)). In either case, g' 1 is symmetric on {a, 6}. So g h is reachable from g in the 
graph G and every g' reachable from g h is symmetric on {a, b}. Therefore g cannot be in 
1Z ^ supp(p), a contradiction. We conclude that every g G supp(/)) is symmetric on {a, b} 
and maps (a, b) to either (a, a) or (b,b). 

Let ^ a = Eg: g (a,6)=(a,a) p(s) and u> 6 = Eg:g(a,6)=(6,6) Pis)- By the previous argument, we 
have w a + Wb = 1- By the fractional polymorphism inequality applied to u a , we have 



Since u a {a) < u a (b), we have w a > Wb- But inequality Q holds for Ub as well, hence 



Lemma 6.2. T is connected. 

To prove this lemma, we will introduce some terminology from the study of hyperplane 
arrangements which will facilitate our reasoning about the edges of T. For a more thorough 
treatment of this subject, see Abramenko and Brown [lj and Stanley |47| . 

Definition 5. Let {v l }i^i be a finite set of vectors inMJ 1 . The set of hyperplanes A = {Hi}i^j, 
where Hi = {x £ M n | v l ■ x = 0}, is called a (linear) hyperplane arrangement. 

To each vector x G M. n , we associate a sign vector, o~(x) £ {— 1,0, +1} / , where the ith 
component is given by the sign of v l ■ x for each i E I. For a sign vector v E {— 1,0, , 
a non-empty set A = a~ l {v) = {x G R n | a(x) = v} is called a cell of A. We denote the 
defining sign vector, v of A, by cr(A). 

A cell C with a(C)i ^ for alii G I is called a chamber. The chambers are the connected 
full-dimensional regions of M n \ (J igJ --ffj. A cell P with o~(P)i = for exactly one i G / is 
called a panel We say that P is a panel of a chamber C if the panel P is contained in the 
topological closure cl(C) of C. Each panel is a panel of precisely two chambers. 

The chamber graph of A is the undirected graph with the chambers of A as vertices and 
an edge between two chambers C\ and C2 if o-{C\) and ct(C2) differ by a single sign change, 
or equivalently, if C\ and C2 share a common panel. We will use the following properties of 
the chamber graph that can be found in [1, Proposition 1.54]. 



-(u a (a) + u a (b)) > w a u a (a) + w b u a (b). 



0) 



w a < Wb, and therefore u> a = Wb = |. 



□ 
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Proposition 6.3. The chamber graph of A is connected and the minimal length of a path 
between C\ and C2 in the chamber graph is equal to the number of positions at which o~(Ci) 
and cr{C2) differ. 

We are now ready to prove Lemma 16.21 

Proof of Lemma \6.2[ For each a G D, we have a unary function u a G (r c ) with argmin-u a = 
{a}. For x G M. D , with components x c , consider the linear combination f s = Y^ceD^cU c - 
Note that if x is rational and non- negative, then f s G (r c ). The inequality fx {a) < fx(b) is 
equivalent to X^cgd x c (u c (a) — u c (b)) < 0, i.e., f x takes a strictly smaller value on a than on 
b precisely when the vector x is on the negative side of the hyperplane H ab defined by the 
normal v ab with components v% b = u c {a) — u c {b). Hence, by determining the sign of x ■ v ab , 
we can decide whether f x (a) < f%(b) or f x (a) > f$(b). If x lies on the hyperplane, then 

./>') ./:,(/'). 

For each a G D, let H a be the hyperplane defined by the unit vector e a , i.e., e a a = 1 and 
e a c = for a ^ c. Fix a strict total order < D on D. Let ,4 = {H ab \ a < D b} U {# a | a G D} 
be a hyperplane arrangement in M. D . Let C be the set of chambers C that has a positive sign 
for each H a , i.e., each C G C is contained in the positive (open) orthant of R D . Since all 
remaining components of C G C are also non-zero, they determine a strict order on the values 
of the functions f x , x G C. For each a £ D, let f/ a = {C G C | Vx G C : argmin/ 5 = {a}}. 
Each U a is non-empty since the vector x, given by x c = e for c ^ a and x a = 1 determines a 
function minimizing on a when e > is chosen small enough. 

Fix a, b G D and pick any C a G t/ a , G [/&• Let C a = Co, Ci, . . . , C; = be a minimal- 
length path from C a to in the chamber graph. Consider the sign vectors along this path: 
a (Co), <t(Ci), . . . ,a(Ci). By Proposition 16.31 the sign of a fixed component changes at most 
once along this sequence. In particular, since C a and Cb both have positive signs for the 
hyperplanes H a , it follows that Cj is contained in the positive orthant for every i. Hence, 
for each i, there is a cij G Z? such that Cj G C/ ai . For each i with cij 7^ aj+i, the path moves 
from a chamber where f x minimizes on a\ to a chamber where it minimizes on aj+i. This 
means that C and Cj+i share a panel P, with a sign vector cr(Pi) obtained from either <t(C,) 
or c(C + i) by setting the component corresponding to H aiCLi+1 to (assuming a» <d Q>i+i)- 
Since all other components of cr(Pi) have the same sign as in cr(Cj) and er(Cj+i), we have 
fx(o>i) = fx(di+i) < f x (c), for every x G P, and c 7^ a^Oj+i. For a hyperplane arrangement, 
such as .A, that is defined in terms of rational normal vectors, each cell is defined as the 
solutions to a set of linear equalities and inequalities with rational coefficients. Every cell 
therefore contains at least one rational vector. In particular, there exists a non-negative 
rational vector x G Pj with argmin/^ = {aj,aj + i}, so {aj,aj + i} G E(T). This holds for all 
< i < I with a,i / Oj-n, so we conclude that a subsequence of a = clq, a\, . . . , a\ = b is a path 
in T from a to 6. □ 

7. Proofs of Theorem 13.61 and Lemma 13.111 

A (time-homogeneous) finite-state Markov chain M is given by a set of states and condi- 
tional probabilities p(i,j) for M to be in state j at time t + 1 given that it was in state i 
at time t. Let p^ k \i,j) denote the probability that M proceeds from state i to state j in 
exactly k transitions. M is called irreducible if, for every pair of states (i,j), there exists 
r > 1 with p( r \i,j) > 0. A state i is called transient if, for some state j, there is a path 
from i to j but not from j to i. A state that is not transient is called recurrent. A state has 
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periodicity r if r = gcdjfc | p^ k \i,i) > 0}. M is called aperiodic if all states have periodicity 
1. A stationary distribution of M is a probability distribution A on the set of states of M 
such that A(i) = ^ ■ X(J)p(j, i) for all states i. The following is well known. 

Theorem 7.1. For any finite-state Markov chain M : 

(1) If M is irreducible, then there is a unique stationary distribution A of M with > 
for all states i. 

(2) If M is aperiodic, then for any initial distribution ir, there is a stationary distribution 
A of M with ^(j)p^ A(i) as k — >■ oo, for all states i. 

(3) If i is transient, then p^ k \j,i) — > as k — > oo, for all states j. 

We now define a Markov chain M on G. Let w(g, g') = X^/iesupp(w)-g'=g' 1 The 
transition probabilities are given by 

/ /\ / h w (s, g') + 1 if s = g'> and 
p(g,g) = < j ; ,' . 

I §io(g, g j otherwise. 

Note that the set 1Z C V, defined in Section 13.21 is precisely the set of recurrent states of 
M. Let % be a strongly connected component of G[7£]. Then, M{7i), the restriction of M to 
is also a Markov chain. 

Lemma 7.2. T/ie Markov chains M and M(H) are aperiodic and each M(H) is irreducible. 

Proof. Aperiodicity follows by construction as p(g, g) > | > for all g € V. Irreducibility 
follows since each T~L is a strongly connected component of G[7£]. □ 

Lemma 7.3. Let a and A be probability distributions on V and assume that M converges to 
A when starting in a. Then, for every x 1 ,^ 2 6 D n , 

£<x(g)/ 2 (g(z\x 2 )) >J2HE)f(s(x\x 2 )). 
gev gev 

Proof. By k times applying the 2 — >■ 2 fractional polymorphism + ^ ui(h)x^h,h) > (where 
1 is the identity in O^ 2 ^ 2 ^) to the left-hand side, we have 

gev gev " hGO g) 

= EE (7 (g')p(g / ) g)/ 2 (g(^ 1 ^ 2 )) 

gevg'ev 

>...>Y J ^ k \g)f{g{x\x 2 )), 
gev 

where a^ k \g) = X) g 'gv cr (g / )P (g')g)- By assumption, cr^(g) — > A(g) as k — > oo. Since the 
right-hand side is a linear function in o-( k \g), the lemma follows by continuity. □ 

We are now ready to prove Theorem 13.61 

Proof of Theorem \3.b\ Let a be the 2 — > 2 fractional polymorphism of T c defined by a = 
^. Note that <r is a probability distribution on V. By Theorem 17.1( 2). there 

exists a stationary distribution p of M such that , o"(g')p (g'; g) ~~ ^ p(g) as — ^ oo, for 
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all g. By Theorem IT. 1 1 (3) . p(g) = for g ^ 1Z, hence supp(/o) C 1Z. Finally, p is a 2 — > 2 
fractional polymorphism of T c by Lemma 17, 31 □ 

In order to prove Lemma 13.111 we will need an additional observation. 

Lemma 7.4. Let x±, . . . , x m , c\, . . . , c m G Q>o be such that q > for all i, E« Ci = 1, and 
Xj > c i x i f or a M 3- Then X\ = x 2 = • • • = x m . 

Proof. Let C = CjXj. We have Xj > C for all j. If xj > C for some j, then CjXj > CjC, so 
C = c i x i > Yli C «C = C, & contradiction. So, for all j, Xj < C, and hence xj = C. □ 

Proof of Lemma \3.11\ Let T~L be the strongly connected component of G containing g. By 
Theorem 17.11 and Lemma |7.2| M(T-i) has a unique stationary distribution A, with A(h) > 
for all h G %. Let {y l ,y 2 ) be such that (x 1 ,^ 2 ) = g(y 1 ,y 2 ), and for any g, let (y Sl ,y S2 ) = 
g(l/\y 2 )- For * = 1>2, let = {g G V | g(ai,a 2 ) = (oj,Oj)}. For each g G W, we have 



/ 2 (K,y gl ),(a 2 ,y g2 )) 






(10) 


EpCsO/Vckv* 1 ; 

g'ev 




>y g2 ))) 


(11) 


E P(g')/ 2 (g'°g((aT 
g'efii 




( ai ,y 2 )))+ e pteO/VogaW),^ 2 ))) 

g'en 2 


(12) 


i^°i( h )/ a ( h ((°i.» 1 

hen 


),(«] 


>£ 2 ))) + 5 E vzWfiH^y 1 ), (a 2 ,y 2 ))) 
hew 


(13) 


^Afh)/ 2 ^^ 1 ) 
hew 




hen 


(14) 


i^A(h)(/ 2 ((a l5 ^)^ 


, (02, 


y h2 )) + / 2 ((a l5 y h2 ),(a 2 ,y hl ))), 


(15) 



hew 



where (jl 11) follows by applying /) and (I12|) follows from p being idempotent and submod- 
ular on {01,02}- To get (fl3j) . define the probability distributions at on V by crj(h) = 
2 • X^g'GOj-g'og=h P(g') anc l remember that g' = for some /i« G supp(w), so g' o g = 

ghx...h k € 7^ Le>) SU pp(^) c From ([13]), one obtains (|14p by two applications of Lemma l7.3l 
and (|15p by rearranging the terms. 

Also, f 2 (( ai ,y^),(a 2 ,y^)) = f 2 ((a 2 ,y^),( ai ,y^)) > Eg' P(g')/ 2 (g'((a 2 , y gl ), (ai,y^ 2 ))) 
which is equal to (fTl]) since p is submodular on {01,02}. Hence, 

/ 2 ((oi,yH(a2,y^))>I]TA(h)(^ ( 16 ) 

hew 

in the same way as before. 

For h = (hi,h 2 ) G V, define h = (h 2 ,hi), and % = {h | h G H}. For g £ H L) H, let 
Xg = / 2 ((oi,y gl ) ; ( a 2,J/ g2 )) and c g = ±(A(g) + A(g)). It then follows from ([IMS]), (US}, and 
Lemma [7~41 that x g is constant on HWH. Since g, g G % U we have / 2 ((ai, x 1 ), {a 2 ,x 2 )) = 
x s = Xg = / 2 ((ai, x 2 ), (02, x 1 )), as required. □ 

8. Conclusions 

In this work we have completely answered the question of which (finite-)valued constraint 
languages on finite domains are solvable exactly in polynomial time. In particular, we have 



16 



THE COMPLEXITY OF FINITE- VALUED CSPS 



characterised the tractable languages as those that admit a binary idempotent and symmetric 
fractional polymorphism, which we have shown to be a polynomial-time checkable condition. 
Moreover, all tractable languages are solvable by the basic linear programming relaxation. 
Thus, we have demonstrated that basic linear programming (BLP) relaxation suffices for 
exact solvability of (finite-) valued constraint languages and that, in this context, semidefinite 
programming relaxations do not add any power. 

An intriguing open question is the precise boundary of the tractability of the minimisation 
problem in the value oracle model; that is, for objective functions that are not given explicitly 
as a sum of fixed-arity functions but only by an oracle. In particular, do the tractable cases 
(solvable by combinatorial algorithms) coincide or not? 
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Appendix A. Basic LP Relaxation (BLP) 

In this section we define the basic LP relaxation (BLP) (also known as the standard, or 
canonical LP relaxation) [49j . 

Let r be a valued language defined on D. Let 7 be a VCSP(r) instance given by the set 
V = {xi, . . . , x n } of variables and the objective function 

q 

fl(x!,.. .,x n ) = ^2wi- fi(x l ) 

i=l 

where, for every 1 < i < q, fa : D ar( - f ^ ->■ Q> , x* G V ar (fi\ and Wi G Q>o . 
For a tuple x, we denote by {x} the set of elements in x. 

The basic LP relaxation has variables Aj :(7j for every 1 < i < q and crj : {x 1 } — > D; and 
variables (i x ^ a for every x G V and a G D. 

q 

*=1 o-j:{^}-^£) 

s.t. Aj j(Ji = VI < i < g, Vx G x*, Va G D 

o"i(x)=a 

XI = 1 Vx G F 

ag-D 

< X,n < 1 

Since T is fixed, this relaxation has polynomial size in /. Requiring Aj :(7j and to be in 
{0, 1} provides an integer programming formulation of / with the meaning fj, xa = 1 if, and 
only if, variable x is assigned value a, and Aj jCTj = 1 if, and only if, x 1 is assigned ai(x l ). 

For any VCSP instance, the basic LP relaxation gives a lower bound on the optimal solution. 
By Theorem 13. 3( if T is a core valued language admitting a binary idempotent symmetric 
fractional polymorphism, then the optimal solution to the relaxation is integral and thus 
gives an optimal solution to the original VCSP instance. 

Appendix B. From binary to all arities 

Theorem B.l (|37j). Suppose T is a finite-valued language with a symmetric fractional 
polymorphism of arity 2. Then T has symmetric fractional polymorphisms of all arities. 

In this section, we give an alternative proof of this theorem using a variation of the Markov 
chain argument from Section [71 The proof idea is identical to that of [37J , but the technical 
content of Theorem 11 in [37J is naturally explained by our approach. 

It suffices to prove that if T has a symmetric fractional polymorphism of arity m — 1 > 2, 
then it has one of arity m. Let uj be an (m — l)-ary symmetric fractional polymorphism of 

T. For g = (gi, . . . ,g m ) G 0% l ^ m \ let g_i denote the operation (gx,.. . ,gi-x,9i+i, ■■■,9m) G 
£-j(m->-m i) j-,^ a ^ nec [ ]jy om itting the ith operation from g. For h G supp(a;), let 

g h = (/iog_ 1 ,...,/iog_ m ), 

For x 1 , . . . , x m , let (x gl , . . . , x gm ) = g(x x , . . . , x m ). Let 1 be the identity mapping in Q^^ m ^ 
and let V = | hi G supp(w),A; > 0}. 

Let G' = (V, E) be the directed graph with 



20 



THE COMPLEXITY OF FINITE- VALUED CSPS 



• V = V; 

• E = {(g, g) | g G V, € supp(w)}. 

We now define a Markov chain iVf' on G' . Let wj(g, g') — 5_//iGsupp(cj)-g'=g' 1 k'(^)- The 
transition probabilities p(g, g') are given by ^w(g, g') if g 7^ g' and ^w(g, g') + ^ otherwise. 
Let 7?.' denote the set of recurrent states of M' . 

The properties of M' and M'(T-L) for a strongly connected component H in G'[7Z'} are 
summarised in the following two lemmas. Their proofs are analogous to those of Lemma 17.21 
and Lemma 17.31 and are therefore omitted. 

Lemma B.2. The Markov chains M' and M'(H) are aperiodic and each M'(H) is irreducible. 

Lemma B.3. Let a and A be probability distributions on V' and assume that M' converges 
to A when starting in a. Then, for every x , x m £ D n , 

E *(g)/ m (g(^ ■ ■ ■ > ^)) > E A(g)/ m (g(x 1 , . . . , x m )). 
gev gev 

Proof of Theorem \B.l\ As in Theorem 13. 6\ we can obtain a (m —> m)-ary fractional polymor- 
phism p of r with support on VJ . To finish the proof, we need an analog of Lemma [3. 71 That 
is, we need to show that for any ra-ary function / 6 T, any g € TZ', and any (xr, . . . ,x m ) £ 
Range n (g), the expression . . . ,x m ) is invariant under exchanging xj 1 and xj 2 for all 

choices of 1 < ji,j2 < m an d 1 < i <n. 

Let H be the strongly connected component in G'[1Z'} containing g. By Lemma lB.21 and 
Theorem l7.lt there is a unique stationary distribution, A, of M'(%), and supp(A) = %. 

We make two claims. 

(a) /"(^(y 1 , • • • , y m )) does not depend on the choice of g € %; 

(b) X^heH /(^ h *0 does not depend on the choice of k. 

For every g € Ti, and all y , ... , y m E Z) n , by Lemma lB.31 we have 

/ m (g(y\ • • • , y m )) > E A(h)/ m (h^ 1 , . . . , y m )). 

hen 

Applying Lemma [731 we obtain claim (jaj). 
Furthermore, 

^A(h)r i (h. fc (5 i 1 ... 1 x m )) 

hG« 

>EA(h)^(r- i (h_ fc (x i ,...,x m )) + 

hG« 

E u:(h)f(hoh_ k (x\...,x m ))) 

ftGsupp(u;) 

= E A ( h ) E^ h ' h ')/(^) 

hGH h'eH 

= E A(h')/(* h *), (17) 
h'en 

where the inequality follows by applying inequality (pQ) for to to half of / m_1 (h_fc(x 1 , . . . , x m )) 
and the last equality follows from A being a stationary distribution. As inequality (I17|) holds 
for all /c, claim (jb]) follows. 
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Suppose that (x l , . . . ,x m ) = g(y 1 , . . . ,y m ). Then, 

Y, A(h)/(x h ^) = £ A(h)/- (h(x\ x m )) 
hen heH 

= ^A(h)/ m (hog(y\...,y™)) 

hen 

= ^A(h)/ m (g(y 1 ,...,r)) 
hew 

=H^-,n as) 

where the first equality follows from claim (jbj) and the third from claim (Jaj) , noting that 
hogeH. 

Since m > 3, we can pick k € {1, . . . , m} \ {ji,^}- Let h = l hl ~ h i and let p € Q^^ m ^ 
be the mapping that exchanges the elements in positions ji and jY It is not hard to show, 
by induction over I, that hop = poh. Therefore, exchanging x? 1 and X? 2 does not affect the 
left-hand side of f|18|) . so the exchange leaves the right-hand side unaffected as well. □ 



